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Abstract 
In this study, the stability properties of general milling processes are summarized and compared to each other considering different 
special tool geometries. This general model can deal with any kind of flute geometry and with non-proportional damping using the 
semi-discretization method. A real-case experimental tip2tip modal analysis of a carbide milling tool is taken, which serves as the 
reference dynamics for the stability calculations. A fitting algorithm is used to extract the modal parameters of the corresponding 
non-proportionally damped system that is given directly in first order representation. The asymptotic stability of the stationary 
solution of the resulting time-periodic parametrically excited and time-delayed system is investigated by the semi-discretization 
algorithm. The stability properties of variable pitch, serrated and variable helix tools are compared with the one of the conventional 
helical tool.  
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1. Introduction 
The use of proportional damping in the dynamic 
modeling of machine tools [1, 2] is a convenience 
approximation that makes the modal testing and also the 
related stability calculations and predictions easier. 
However, the traditionally acceptable approximation of 
proportional damping is usually unacceptable in these 
cases. Also, modal tests often present measurement 
results which cannot be fed into the time-domain based 
milling stability calculations [3, 4, 5, 6, 7] when accurate 
predictions are needed to optimize the material removal 
rate close to the stability limits. This is not a problem in 
case of frequency-domain methods [8, 9] that can 
cooperate directly with the measured frequency response 
functions (FRFs). 
Another critical issue that makes existing stability 
predictions and chatter avoidance strategies questionable 
is the complex geometry of some recently designed 
milling tools, like the serrated ones or the ones variable 
pitch and/or variable helix [10, 11, 12, 13, 14, 15, 16, 
29].   
In this research report, the stability properties of the 
different special milling tools are compared in a case 
study where the experimental modal testing of a 
conventional carbide milling tool clearly presented non-
proportional damping.  
After a brief summary of the theoretical aspects, the 
modal testing of a MITSUBISHI AMMRD2000 tool is 
presented based on tip2tip measurement results. This 
leads to the construction of a realistic mathematical 
model that describes the regenerative effect with 
improved accuracy.  
Then typical stability charts are presented for a 
varying pitch tool, for a serrated tool and for a varying 
helix tool (with non-uniform constant and harmonic 
variation). In the concluding section, the different kinds 
of stability improvements are compared for these cases. 
The otherwise intricate stability charts provide some 
essential observations regarding the primary parameter 
domains in the operational space of the cutting 
parameters where improved stability properties can be 
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expected in the four cases compared to the case of a 
conventional milling tool. 
2. Theory 
 
First, those modeling issues are summarized, which are 
related to the cutter geometry and the cutting forces 
when general complex milling tools are considered. 
Then the linearized governing equations are compiled 
based on the machine tool dynamics in the presence of 
non-proportional damping and the corresponding 
stability calculation is presented for milling processes in 
general. 
2.1. Geometric modeling of milling cutters 
There are many parameters to be used when the 
geometrical model of a general milling tool is 
constructed. Fig. 1 presents a summary of most of these 
parameters.  
 
Fig. 1 shows the geometry of a general milling tool 
The local lag angle φη,i describes the angular-shift of 
the local edge segment due to the helix angle η relative 
to the initial position angle of the ith edge at zero level 
φi (0, t). Due to the possibly intricate helix variation, the 
local lag angle variation is given as 
,,,2,1),()()( ,, Zizzz iii   GMM KK  (1) 
where )(, ziKM is the mean lag angle, δi(z) is the 
introduced variation and Z is the number of flutes. The 
lag angle is connected to the helix angle through the 
differential form 
)(tan1)(
e
, zR
z ii KMK  c , (2) 
where Re is the envelope radius of the cylindrical tool. 
Thus, the envelope lead angle is κe = 90 deg. Using 
expression (2), the local helix angle can be calculated as 
))(arctan(tan)( e zRz iii GKK c . (3) 
The mean helix angles are iK around which the actual 
helix angles ηi (z) vary. The continuous variation of the 
helix angles cause variation in the pitch angle, too. This 
is described by the formula 
)()()( 1,,0,,p,p zzz iiii  KK MMMM , (4) 
where φp,i,0 = φp,i (0) is the initial pitch angle at the axial 
level of z = 0.  
Generally, the position angle of the ith local edge is 
given by (see Fig. 1) 
 )()(),( 1,
1
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, (5) 
where Ω is the angular velocity of the tool. The serration 
is considered with the variation of the local radius 
ΔRi (z) as 
)()( e zRRzR ii ' . (6) 
The local lead angle κi (z) has a differential connection 
with the variation of the local radius: 
)()(cot zRz ii c N . (7) 
Assume that the actually trochoid-shape trajectories 
of tooth-segments can be approximated by circles. This 
is a standard approximation as opposed to the strict 
description of the edge trajectories presented in [17]. 
The assumption is appropriate if the feed per revolution 
is negligible compared to the essential diameter of the 
milling tool. If this condition is fulfilled then the 
expression of the cutting force can be related to the 
specific angular position φi (z, t) of the 'just cutting' ith 
edge segment and the (i+l)th cutting edge segment that 
was at the same angular position some time earlier, when 
it cut the same surface segment at the time instant 
t τi,l (z). Consequently, the following equality holds: 
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The continuous delay function τi,l (z) can be expressed 
with the help of the pitch angles (4) as 
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The so-called geometrical chip thickness between the 
ith and (i+l)th flutes at level z is 
),(),(),( ,,,g tztztzh ilili nr| , (10) 
where the movement of the edge segment during the 
time τi,l (z) is  
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and the local normal vector (see Fig. 1) is defined as 
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The regeneration at (11) describes the connection 
between the present and the past motion of the tool: 
))(()(),( ,, ztttz lili W ' rrr . (13) 
The effective geometrical chip thickness is evaluated as 
the minimum of all possible geometrical chip 
thicknesses [18] 
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1
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Z
l
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 , (14) 
which can still be a negative number (theoretically). The 
effective index e :=ei (z, t) varies digitally along the axial 
direction and shows if missed-cut effects arise during the 
cutting operation. The screen function g takes into 
account the radial immersion and also the missed-cut 
effect if the following form is in use: 
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where φen and φex are the entry and exit angles measured 
clockwise from the y axis (see Fig. 1). The physical chip 
thickness of the ith flute at level z can be defined as 
),(),(:),( ,,g tzhtzgtzh eiii  , (16) 
which is already an always non-negetive value. 
2.2. Resultant cutting force for general milling geometry 
The cutting force per unit axial depth of cut (also 
called specific cutting force) at a particular edge location 
is expressed (see Fig. 1) in edge tra coordinate system as, 
)),((:),(, tzhtz iitra ff  , (17) 
where f(h) is the empirical cutting force vector 
determined (measured) in tangential t, radial r, and axial 
a directions as a function of the chip thickness. Here, for 
the sake of simplicity, only linear cutting force 
characteristics is considered in the following way 
 hh ce)( KKf  , (18) 
where Ke=col(Ke,t, Ke,r, Ke,a) and Kc=col(Kc,t, Kc,r, Kc,a) 
are the edge and cutting coefficients, respectively. The 
specific cutting forces are projected to the local spatial 
coordinate system xyz with 
),(),(),(:))(,,( , tztztzgtz itraiiti fTrf  T , (19) 
where the transformation matrix Ti (z, t) can be found in 
[12]. Here, rt (θ) = r(t+θ), θ[V, 0) [19, 20] expresses 
the typically intricate regeneration properties (13), that 
can relate to several discrete delays in case of variable 
pitch angle tools [10, 14, 15] and serrated tools [11, 16] 
or to distributed delays in case of variable helix tools [13, 
14, 16] (V  is the maximum of occurring delays). 
Basically the resultant cutting force F is the sum of 
the infinitesimal cutting forces along the edge portions 
that are in cut 
¦ ³
 
 
Z
i
a
ii
ti
t zzz
tzt
1 0
p
d
)(sin)(cos
))(,,())(,( NK
TT rfrF  (20) 
considering that the infinitesimal edge arc is 
dsi =dz/(cos ηi (z) sin κi (z)). 
2.3. Dynamics of the milling process 
The governing equation of the milling process can be 
expressed in the spatial xyz coordinate system as 
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))(,()()()( Tttttt rFrKrCrM    , (21) 
where M, C and K are the mass, damping and stiffness 
matrices, respectively. This formulism is not convenient 
when multiple modes arise in the structure, it needs to be 
transformed into the modal space. Since the system (21) 
can also be non-proportionally damped, that is, C cannot 
be expressed as a linear combination of K and M, a first 
order representation is considered as [21] 
))(,()()( Ttttt vQvBvA   , (22) 
where the state vector is ))(),(col()( ttt rrv  and 
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The system presented at (22) can be transformed 
immediately into the modal space of the 2n dimensional 
modal coordinate vector q defined by v=Uq even for 
non-proportional damping in the form 
))(,()(][)( T TO tk ttt qUQUqq   . (23) 
This form of the equation of motion is independent from 
the spatial representation, thus, multiple modes can be 
considered with poles in the form of λk =  ωn,k ξk + ωd,k i 
and with the 'mass' normalized modal transformation 
matrix U = [..., ck pk ,...]. The original mode shapes are pk, 
while ωn,k and ξk are the natural angular frequency and 
the damping ratio, respectively, and  the damped natural 
frequency is denoted by ωd,k = ωn,k (1 ξk 2)^(1/2). The 
normalization parameter is originated in the so-called 
modal scaling factor as ck2=Qk. These modal parameters 
can be determined from experimental modal analysis 
using fitting algorithms assuming the following form for 
the FRF 
¦
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where n is the dimension of the second order 
representation (21). 
2.4. Stability of the milling process 
The equation of motions of the considered general 
milling process at (23) is a parametrically excited delay 
differential equation (DDE) that is periodic at the 
principal period T. This principal period is originated 
from the tooth passing frequency T=2π/Ω/Z in case of 
conventional milling, otherwise it is multiple times of 
2π/Ω/Z depending on the geometrical arrangement of the 
milling tool.  
The solution of (23) can be separated to a stationary 
time-periodic part qp(t) = qp( t + T ) and to a perturbation 
u(t) as 
)()()( p ttt uqq  . (25) 
The asymptotic stability of the stationary solution qp can 
be determined through the variational equation [22] 
which has the form 
¦
 
 
W W
N
j
jj ttttt
1
)()()()()( uRuLu , (26) 
where the coefficients are time-periodic: L(t) = L( t + T ) 
and Rj(t) = Rj ( t + T ). Note that the variational equation 
(26) only contains discrete delays τj ( j=1, 2, ..., Nτ ) due 
to the axial discretization of the cutting tool. In this case 
the originally continuous (distributed) delays defined at 
(9) are approximated by sufficiently large number of 
discrete delays.  
Using the discretization process presented in [3, 23], 
the linear time-periodic DDE can be approximated by 
finite number of ordinary differential equations and the 
transition matrix Φ can be given in the form: 
ipi zz )  , (27) 
where the discretized state is zi = col(ui,..., ui r), where  
ui l = u(ti  l Δθ). The delay and the period resolution 
usually considered to be equal as r = p and 
r = int(V /Δθ+1/2). 
The stability of the stationary solution qp is 
determined with the help of the eigenvalues 
(characteristic multipliers) μ of the transition matrix Φ.  
If all characteristic multipliers have magnitude less than 
one then the stationary solution qp is asymptotically 
stable, otherwise, it is unstable. 
3. Case study 
In order to carry out the comparison of different 
milling tool geometries, a special case is considered with 
a milling tool of Z=3 flutes. The dynamics of the tool is 
taken from a real modal experiment performed on a 
MITSUBISHI AMMRD2000 tool with Ls=105 mm 
overhang. The tip2tip measurements and the quality of 
the fitting algorithm are presented in Fig. 2. The 
extracted modal parameters can be found in  Table 1. 
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Fig. 2 shows the results of tip2tip FRF measurements (thin) and the 
result of the fitting process (thick).  
During the application of the fitting algorithm, non-
proportional damping was considered, which means that 
the mode shapes are complex vectors and the FRF can 
be presented in the form of (24). 
 
Table 1 presents the extracted modal parameters using rational fraction 
polynomial method.  
k ωn,k (Hz) 
ξk 
(%) 
Qk   
(104 s/kg) pk 
1 646.5 5.34 0.89-0.90 i x: 0.93+0.36 i 
2 935.0 2.65 0.18-1.33 i x: 0.98+0.20 i 
3 1096.0 9.95 2.08-1.83 i x: 0.89+0.45 i 
4 1893.8 8.47 1.41+0.35 i x: 0.71-0.70 i 
5 2294.5 1.81 0.14+0.09 i x: 0.06+0.99 i 
6 2482.9 5.20 0.35-0.14 i x: 0.84-0.54 i 
7 4004.5 1.02 0.25+0.13 i x: 0.44+0.90 i 
8 653.0 4.05 1.32-0.18 i y: 0.81+0.59 i 
9 1008.1 3.54 2.40+0.58 i y: 0.57-0.82 i 
10 1200.6 4.03 0.17-0.56 i y: 1+0 i 
11 1985.0 4.20 0.70-0.61 i y: 0.83+0.55 i 
12 2360.6 5.18 0.21-1.09 i y: 1+0 i 
13 3979.6 2.13 0.65+0.31 i y: 0.59-0.80 i 
 
For the stability calculations, simple quarter 
immersion down-milling is considered with simple 
straight cutting as a (desired) stationary cutting process. 
The parameters Kc,t = 763.4 N/mm2, Kc,r = 110.8 N/mm2 
and Kc,a= 368.5 N/mm2 are taken from the orthogonal to 
oblique [24, 25] model of Al7050T745 [11] considering 
mean helix angle η = 37.5 deg. 
Table 2 contains the basic geometrical data of the MITSUBISHI 
AMMRD2000 tool. 
 Z D (mm) 
η 
(deg) 
a 
(mm) 
L 
(mm) 
 3 20 37.5 0.67 3.25 
4. Results 
In order to compare the effect of different tool 
geometries, stability charts are calculated using the semi-
discretization (SD) method in the parameter domain of 
spindle speed  Ω[3000, 20000] rpm and depth of cut 
ap(0, 30] mm. The SD method was used with NSD=90 
elements in order to represent properly the delayed states 
zi of the system.  
The subsequent sections present the stability 
calculations and their results related to variable pitch 
tools, serrated cutters and variable helix tools with 
constant variations and also with harmonic ones.  
4.1. Variable pitch cutter 
In this section, cylindrical milling tools are 
considered with variable pitch only, that is, 
ZZi z ,p1,p2,p1,p,p ,,,,)( MMMMM {  , (28) 
where obviously  
¦   11 p,,p π2 Zi iZ MM . (29) 
Accordingly, only NW=Z pieces of discrete delays 
participate in the system dynamics through the 
regeneration (13). 
In Fig. 3, one can follow how the variation of the 
pitch angle affects the linear stability of the 
corresponding milling process. As it was explained in 
[10],  the variable pitch angles need to be optimized for 
certain milling operations in order to get large stability 
improvement as in Fig. 3c, otherwise the improvement 
may be moderate as in Fig. 3a. Generally speaking, 
variable pitch tools ensure moderate stability 
improvement at certain spindle speed regions only due to 
the redistribution of the instability lobe structure (cf.  Fig. 
3a and Fig. 3d). 
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Fig. 3. Linear stability boundaries of milling operations performed 
with conventional tool (thin) and variable pitch tool (thick).  
4.2. Serrated cutter 
Since the experimental modal analysis was carried 
out on a serrated tool, the serration profile is defined by 
means of real scanned data [12]. The variation ΔRi (z) 
introduced at (6) can be expressed by the dimensionless 
profile function ρ(ζ) as 
¸¸¹
·
¨¨©
§  ' π2)(
i
i L
zazR \U , (30) 
where a is the peak-to-peak amplitude of the serration 
and the axial coordinate is scaled with the wavelength L 
of the serration. The angle ψi indicates the phase shift 
variation on the ith flute which is, in practice, uniformly 
distributed along the tool circumference:  
p)1( M\  ii , i=1,..., Z. (31) 
Here, φp,i (z) { φp represents the uniform pitch angle 
distribution. In this case, the maximum number of 
different discrete delays can be Z in the dynamical 
model.  
As it was explained in [12], the stability improvement 
for a serrated cutter depends on the ratio of the applied 
feed f and the peak-to-peak amplitude a. In order to 
characterize this, the so called dimensionless feed as 
ε = fZ / a is introduced, where fZ is the feed per tooth. 
In Fig. 4, one can follow the effect of the feed 
variation on stability. The smaller feed is used the higher 
is the gain in stability.  This phenomenon is completely 
opposite to the effect of the nonlinear cutting force 
characteristics where small feeds just destabilize the 
system [28]. In the series of figures from Fig. 4a to Fig. 
4d one can follow how the linear stability limits are 
transformed from the stability boundaries of a fictitious 
one-fluted cutter to the three-fluted non-serrated tool's 
stability boundaries. The fact that this tool behaves as a 
one-fluted cutter makes the concept of a variable pitch 
serrated cutter meaningless, since in case of proper use, 
that tool would serve the same stability limits at 
relatively low feed. It can also be recognized that the 
above described transformation is not uniform, since up 
to ε = 0.3 the stability boundary remains roughly the 
same as for ε = 0.01 (see Fig. 4ab). 
 
 
Fig. 4 shows the feed dependent linear stability boundaries of milling 
with conventional tool (thin) and with serrated tool (thick). 
It is important to mention the obvious limitation of 
serrated cutters, namely, it can only be used in case of 
roughing operations. However, in roughing, these types 
of cutters require smaller drive torque due to the usually 
digressive cutting force characteristics against the chip 
thickness [12]. 
4.3. Non-uniform constant helix tool 
These cutters are described by DDEs with distributed 
delays in which the delay intervals are weighted (see (9)). 
The effect is similar to the short regenerative effect that 
is one of the candidate theories to explain the so-called 
process damping in metal cutting that improves stability 
properties at low cutting speeds [26, 27].  
In case of a cylindrical tool with non-uniform 
constant helix angle variation ( ii KK { ), the pitch angle 
is  
)tan(tan)( 1
e
0,,p,p  iiii R
zz KKMM ,  (32) 
where uniform initial pitch angles are assumed, that is, 
φp,i,0 =2π/Z. A series of stability calculations are 
presented in Fig. 5, where one can realize that even a 
small deviation on the constant helix angles may cause 
improvements in stability especially in the low spindle 
speed zone. 
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Fig. 5. Linear stability boundaries of milling for conventional tool 
(thin) and for non-uniform constant helix tool (thick) 
The larger the deviation on the constant helixes is, the 
wider the zone where it improves the stability limits. It is 
important to note that these tools are already available in 
the market. Most of the tool manufacturers provide these 
kinds of solutions to improve the stability of milling 
processes, however, the deviation in helix is already set 
and those are usually small.  
4.4. Harmonically varied helix tool 
There are attempts to produce these kinds of complex 
milling cutters (see [16]), but generally it is difficult and 
expensive to grind the special edges and their 
performance has not been investigated thoroughly. 
These special edges induce also continuous distribution 
in the regeneration as the non-uniform constant helix 
tools. We consider uniform mean helix angles, that is, 
KK {i  for all edges. As it follows from (3) and (4), the 
harmonic variation of the helix angle is described by 
means of the pitch angles 
)()()( 10,,p,p zzz iiii  GGMM ,  (33) 
where the variation G is expressed as 
¸¸¹
·
¨¨©
§  ii L
zaz ,h
h
h π2sin)( \G . (34) 
Thus, the pitch angle variation is expressed with the 
amplitude ah, the wavelength Lh and the phase shift ψh,i, 
which is considered to be uniform similarly to the case 
of serrated cutters in (31). The wavelength is kept to be 
Lh=15 mm during the calculations. 
 
 
Fig. 6 shows how the harmonically varied helix tools affect the linear 
stability boundaries. The thin lines are the stability boundaries of an 
operation performed by a conventional tool. 
In Fig. 6, the stability results are summarized with 
respect to the varied amplitude ah. The stability behavior 
of these cutters is similar to the one of the non-uniform 
constant helix tools. Small variation in the constant helix 
induces improvement of stability in the low spindle 
speed zone. The high speed zones are only affected 
when the tool has large amplitude variation. Note that 
large amplitude variation can be difficult to produce. 
 The effect of the wavelength is not analyzed here, 
because it is extremely difficult to machine small 
wavelength tools, while larger wavelengths would 
produce similar effect as the non-uniform constant helix 
angles do.  
5. Conclusion 
A general milling model is presented in this paper 
which makes it possible to describe different tool 
geometries including variable pitch, serration, and 
variable helix. Sample stability calculations were 
performed using real experimental tip2tip modal 
measurements. In the dynamical model, non-
proportional damping was considered. The linear 
stability of the desired stationary milling processes was 
determined by means of the semi-discretization method. 
The analysis showed that all of the techniques related 
to the discussed tool geometries can improve the 
stability behavior of milling processes compared to the 
milling process performed by conventional milling tools. 
Apart of the fact that it is only effective in case of 
roughing, the serrated cutters serve the largest stability 
improvement. While the variable pitch tools improve 
stability properties in certain spindle speed zones, the 
variable helix tools are effective in low spindle zones 
only if relatively small deviations are considered. 
Generally, the affected zones can be extended if larger 
deviations on the helices can be applied.  
In case of serrated cutters, the improvement is 
guaranteed in case of proper use; however, all other 
97 Zoltan Dombovari et al. /  Procedia CIRP  4 ( 2012 )  90 – 97 
 
techniques need certain optimization to achieve better 
performance than the one produced by conventional 
milling tools.   
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